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Abstract

In the paper we consider two Finsler-like Riemannian metrics, which can be in a natural
way introduced into general relativity. One of those metrics 7,5 is degenerate and the second
hqb is nondegenerate. We are mainly interested with the metric hqy and comparing the
geometric structure determined by this metric hqp, with the geometric structure determined
by the Lorentzian metric g.» of the underlying spacetime. Full comparison we have given
for Friedmann Universis.

The preliminary version of the paper was presented by one of us (J.G.) on conference
POTOR 6 in Szczecin 2019. We think that the our introduction of the Riemannian metric
heb into spacetime is simpler and more general than to so-called Wick rotation.
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Introduction

Nowadays the mathematical model of the physical spacetime is given by real 4-
dimentional Lorentzian (or pseudoriemannian) manifold which metric satisfies Ein-
stein equations.

In quantum field theory (QFT) the Lorentzian structure leads to serious com-
plications in calculation of the so-called "sums over trajektories". These sums are
improper integrals over spacetime. The calculation of these integrals is essentially
simplified in the framework of the Riemannian geometry. So, specialists on QFT
apply trick called "Wick rotation". This trick relies on introduction complex time
u =t +i7 and on rotation in complex plane U from real axis ¢ to imaginary axis 7.

Such Wick rotation changes Lorentzian metric onto Riemannian metric and
Lorentzian manifold into Riemannian. After performing calculations in so obtained
Riemannian geometry they finally come back to prevoius Lorentzian geometry by
using analytical extension.

Unfortunately, Wick rotation has clear physical meaning only in the case of flat
Lorentzian spacetime, i.e., in Minkowskian spacetime. In the case of the general



relativistic spacetimes such procedure is physically unclear because we have no dis-
tinguised axis of time in this case.

In our approach we propose another way how to change Lorentzian geometry onto
Riemannian. We have called obtained Riemannian geometry "Riemannian structure
imposed on Lorentzian".

Our approach uses only real quantities and is more general then the Wick rota-
tion. It can be applied to any solution of the Einstein equations.

1 Riemannian, Finsler-like, metrics used in GR

One can consider at least the two Riemannian, Finsler-like metrics in GR:
Yab = VaVb — Jab = Vab(; V), (1)
hap = hap(x;0) := 2005 — gap (). (2)

Here gup = gap(z) is the Lorentzian metric of a spacetime and ¥ is an unit timelike
vector field: ||17 H = v/ gapv?0? = 1. Physically ¥ is the four-velocity of an observer
0.

Remark 1.1. An observer in GR is defined as the unit timelike vector ¥ tangent to
the timelike world-line z* = x%(s), where s = natural parameter along this world-
line.

After fixing vector field v, i.e., after fixing observer O, one has in the adapted
coordinates (z?)
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(3)-(4) are Riemannian metrics. = means that equality is valid in special coordinates
only (adopted coordinates).

Yab (%) = Ypa (x) (With a fixed ¥) is a degenerate Riemannian metric: 7, = diag(0,1,1,1).
From the physical point of view the v, (z) (with a fixed ¥) is a 3-dimensional spatial
metric in a (near) vicinity of the observer O (which velocity is @) which determines
distances by using radar method, i.e., by sending and detecting reflected light sig-
nals.

Namely, one can easily show [1] that the spatial line element for the observer O reads

di? = ’yabdx“dxb = ’ya/jdwo‘dmﬁ = fgagdxadxﬁ (5)
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v* = = Vg = ,
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a, b, ¢,...=0, 1, 2, 3)



So, Yap, determines distances in a vicinity of O as measured by radar method.On
the other hand, hap, = diag(1,1,1,1) is a 4-dimentional positive-definite Riemannian
metric (after fixing ¥ : v'v; = 1). It determines Riemannian structure which is
tangent to Finsler-like structure determined by hg(x; ¥) with variable o.

A possible physical meaning of the Finsler-like metric hy, = 2v,vp — gop and its
applications are still under investigation. This metric revealed at the first time in
investigations on superenergy and supermomentum tensors in GR [2].

Remark 1.2. Observe that the both metrics Yo = VqUp—9gab and hgp = 204UVp —Gap =
VaUp + Yap are uniquely determined along the world-line x* = z°(s) of a fiducial
observer O (and then they are Riemannian metrics).

—

In the following we confine to the Finsler-like metric hqp, = hpo(2;7)

2 The general properties of the Riemannian Finsler-
like metric Ay, = 20,05 — gap

1. For the fixed observer O hgy(z) = hpe(z) is an uniquely determined and
positive-definite Riemannian metric with signature (+ + ++)

x (29a
hap () = 2040p — Gap = (M - gab) (6)
goo
« 0
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hab(z) determines Riemannian structure tangent to the Finsler-like structure

determined by hgp(x; 0)

2. hgp(z) preserves norm of the four-velocity @ of the observer O: hgpv®0® =1 =
19112

3. Causal structure of the spacetime can be expressed in term of hg(x), e.g.,
chQ = hapdz®da® < 2v,v,dzdx® (timelike intervals ds? > 0
LZSZ = hapdz®dz® = 2v,vpdr®dx® (null intervals ds? = 0
(ZSQ = hapdz®dx® > 2v,vpdzdx® (spatial intervals ds? < 0
where dts2 > (0 and

ds* = gapda®da® (7)

is an interval in a Lorentzian spacetime (My; g) of GR [gap possesses signature

(+= =)l



In the Friedman spacetimes (like as in a static spacetime) we have a physically
distinguished unit timelike vector field ¥ : v*v; = 1 - the four-velocity field of the
so-called "isotropic observers". So, in this case, one can introduce univocally the

Riemannian metric hyp = 20,0 — gqp globally, on the whole spacetime.

We do

this and in the following we will compare the ordinary Lorentzian structure of the
Friedman spacetimes with the geometric structure imposed on these spacetimes by

the Riemannian metrics hy, and h.

The comparison will be done in the coordinates 2° = t, 2! = x, 2% = 9, 23 = ¢[1].

Lorentzian structure determined by g,

Line element

ds? = gapdz®da® = dt? — R*(t)[dx* + S?(x)(d¥* + sin®9dp?)] = dt* — dI?,

where
siny ifk=1
Sx) =1 x ifk=0
shy ifk=-1.

k is the so-called normalized curvature of the spatial slices t = const.

Spatial line element

di* = yopdr®da® = R?(t)[dx* + S?(x)(dV* + sin*Vdp?)]

Intervals
timelike
ds* >0
null
ds* =0
spacelike
ds* <0
Raising and lowering of indices
Uq = gabuba
u = gy,

Proper time

dr? = goodgco2 — dt = \/gooda:o = dt

(8)

(11)

(12)



Levi-Civita’s connection (intrinsic, non-zero components)

/

F(1)1 = RR, F%Q = F:1)’3 =
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. dR ds
R:=—, §:=—. 13
o ix (13)
Riemann’s tensor components (intrinsic, non-zero components)
Roio1 = RR, Roz02 = Ro1015%,
Rozos = Roao2sin®9, Riziz = R*S(S” — SR?),
R1313 = R12128in219, R2323 = RZS2S’L'712’L9(SQ — RQS2 - 1) (14)

Symmetries (Killing fields)
There exist 6 spatial Killing vector fields £, A = 1,...,6 which satisfy Killing equa-
tions

Vi€ky =0 (15)

Einstein tensor (non-zero components)
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00
CU =R T Rs s T Rse
1, -1 R 2R §72
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- 1= (16)
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Geodesic lines
(We cite only the one equation which differs for the considered two metrics. The



remaining three equations are identical.)
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where u = an affine parameter, r = S(x).

r = S(x) |Here we have used the comoving coordinates (¢, 7,7, )| in which ds?> =
dt? — R2(t) [lf;i.Q 2 (do? + r25m219d<p2)] .

Structure determined by Riemannian metric h;s
with fixed v

Line element

ds’ = hapdz®da® = dt? + R2(8)[dx? + S2(x)(d9? + sin®0d?)] = di® + dI*  (18)

Spatial line element

di* = yopdz®da® = R%(t)[dx* + S?(x)(dV?* + sin*0dp?)] (19)
Intervals:
timelike
LZSQ < 2ugvpda®da’ = 2dz"” = 2dt?

null

T2 a b * 2

ds = 2uzupdx®dx’ = 2dt
spacelike

~92 "
ds > 2uaupdz®dz® = 2dt* (20)



Raising and lowering of indices
_ b _ % _
Ug = haptt” — Ug = Ug, Uqg = —Uqy
_ _ * _ *
@ = h®uy — 0 = ug, u® = —u® (21)

Proper time

d7? = h00d$02 = goodl‘02
dr = \/goodz® = dt

Levi-Civita’s connection (intrinsic, non-zero components)

. s’
[ = —RR, T1, =T} = g
R
I, =T%=0% = o Ik, =-S5,
o, = —~RRS?, IS, = ctgd, T3y =T3,5in0,
sin29 .
13, =~ 202 1, — D,
. dR ds
R:=—, §:=—. 29
dt dx (22)

Riemann’s tensor components (intrinsic, non-zero components)

Roio1 = —RR, Rozo2 = Ro1015%,

Roz03 = Roao2sin®9, Riaiz = —R2S(S” — SR?),

Riz13 = Ri2128in®9, Rogos = —R2S?sin®9(S"? — R2S? — 1) (23)
Symmetries (Killing fields)

Riemannian metric hy, has the same symmetries as Lorentzian metric gqp i.e., it
admints the same 6 Killing fields £, A =1, ...,6 admitted by g,s.

Einstein tensor (non-zero components)
28" 87 3R* 1
GOO = - + + b
R2S R25?  R? R2S?
u 1,01 R? 2R S7
(- - 0 22

T R2\R252 R R ' R2S?
1 S" 2R R?
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33 — 22 24
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Geodesic lines
i RR’[ AT r25in219¢2} ~0 (25)
1— kr?



The remaining three equations are identic with those for gqp.

The isotropic observers for which v = 8, w = s = t, r =const, ¥ =const,
p =const, satisfy trivially the geodesic eqations in both structures.
Of course, the dynamical evolution of the universes, i.e., slices t =const, predicted
by Einstein equations is the same in both metrics gq, and hgp = 20,0 — gap (With

fixed 7: v = 6§).

Results of the above comparison:

1. Spatial line elements are the same.

2. Proper time is identic in both metrics.

3. The absolute values of the Levi-Civita’s connection are the same in both met-
rics. The same is true for Riemann tensors components.

4. Both metrics admit the same Killing vector fields.

5. The components of the Einstein’s tensors are only slightly different.

6. For geodesic lines we have only one difference in sign of the second terms of
the cited equations. The remaining three equations are identic.

3 Remarks on the more general solutions to the Ein-
stein equations

In general, one can express any solution to the Einstein equations in normal Gauss
coordinates (NGC) (s,£%) (See Fig.1).
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through %
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spatial
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=4
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points of

Figure 1: Construction of the NGC in a vicinity of ¥

NGC of B := (s;£%), where s is a natural affine parameter along geodesic which
connects A € ¥ and B (s =0on X), k* (o = 1,2, 3) parametrize points of 3.
In NGC we have the situation very like to the considered earlier in Friedman case.
[It is because the coordinates (¢, x, v, ) or (t,r,19,¢) used in there were also NGC
(and simultaneously comoving).] Namely, we have a distinguished and unit timelike
vector field ¢ tangent to the geodesics through initial and spatial 3.
Moreover, in the NGC we have [like as in the comoving NGC (¢, x, ¥, ¢) in Friedman
casel

900 =9" =1, goa=¢"*=0 (26)
and
ds? = gapda®da® = dt? + gapdr®da’ = dt? — yapda®da”, (27)
where
Yab = VaVUb — Jab = 9a09b0 — Jab = —YGap (28)

is a Finsler-like spatial metric (with fixed 7).
7= 0%, = 05 0q is the unit vector field tangent to the geodesics orthogonal to
Y. (Physically this field represents the 4-velocity field of the set of observers which

move along these geodesics.)



By using this unit timelike field one can easily introduce (in a neighbourhood of

%)) the Riemannian (Finsler-like) metric hap = 20405 — gap (with fixed ©)
hab = (20406 — Gab) = 2940960 — Jab- (29)
From (30) it follows that the line elemnet determined by hgp reads
~2 "
ds” = hapdz®da® = dt* + yapda®dz’. (30)

In NGC one can easily find the geometric structure imposed on a solution to the
FEinstein equations by the Finsler-like metric h,, and compare it with the original
Lorentzian structure imposed by g, €.g., for Riemannian tensor one has:

Rap5(9) = Raps(1) = (00509870 — Gar09550) (31)
Rapos(g) = %(Dﬁgaa,o = Da(7)985.0) (32)
Rao0s(9) = Roapo(9) = %Qaﬁ,oo - igpggap,ogﬁo,O) (33)
Rapgys(h) = Rapys(v) + i(gaé,ogﬂ'y,o — 90v,0986,0): (34)
Repr(h) = 5(Diacro ~ Da(3)g500). (3)
Raoos(h) = Roago(h) = %gaﬂ,oo - igp 7 9ap,0980,0- (36)

Do (7), D(7y) mean the covariant derivatives with respect to spatial metric v, =

YaB = —Ggap- (The covariant derivatives inside 3).

Conclusion

We have presented an universal method which attaches Riemannian metric and
Riemannian structure to a given Lorentzian metric and structure. This method uses
real quantities only.

So it seams better than the Wick rotation [4] which uses complex time. The
method is also more general.

Solving Einstein equations in terms of the metric hqp(2) one can find the space-
time metric gqp(z) from the equations gap = 20405 — hap [5].
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Struktura Riemannowska nalozona na czasoprzestrzen Friedmanna i inne
ogoblne czasoprzestrzenie

Streszczenie W artykule rozwazono dwie Finslerowskie metryki Riemanna,
ktore w naturalny sposéb mozna wprowadzi¢ do ogdlnej teorii wzglednosci. Jedna z
tych metryk 7,5 jest zdegenerowana, a druga h,p jest niezdegenerowana. Autoréw in-
teresuje gtownie metryka hyp i poréwnanie struktury geometrycznej okreslonej przez
te metryke hg;p ze struktura geometryczna wprowadzong przez metryke Lorentza gqp
bazowej czasoprzestrzeni. Pelne poréwnanie wprowadzonych metryk zostalo podane
dla czaso-przestrzeni Friedmanna.
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